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TWO-GENERATOR FRATTINI 
SUBGROUPS OF FINITE p-GROUPS 

BY 

G A I L  L. L A N G E t  

ABSTRACT 

This paper deals with nonabelian p-groups  T (p a prime and p > 2) which are 
either metacyclic or Redei. These  groups are classified into those which are 
Frattini subgroups of a finite p -group  G and those which are not. Finally, it is 
shown that a nonabelian two-generator  group of order p" (n > 4) which is the 
Frattini subgroup of a p -group  must  be metacyclic. 

Introduction 

The interrelationship between the structure of a finite p-group and that of the 

Frattini subgroup ~ ( G )  is examined. A group is metacyclic if there exists a cyclic 

normal subgroup whose factor group is cyclic. In Theorem 1 it is shown that if 

the Frattini subgroup of a p-group is a nonabelian metacyclic subgroup, then G 

contains a metacyclic subgroup B such that ~ ( G ) =  qb(B). The author has 

classified all the nonabelian metacyclic groups as to whether they can be a 

Frattini subgroup or not. 

The nonabelian Redei groups, which are those groups having all their maximal 

subgroups abelian, fall into two classes: metacyclic and nonmetacyclic. Theorem 

2 states that no nonabelian nonmetacyclic Redei p-group can be a Frattini 

subgroup. 

The author in [5] has checked all nonabelian groups of order =<p5 for 

occurrence as a Frattini subgroup. The groups of order =< p4 were done by 

Hobby in [2]. Of all the nonabelian groups of order pS, nineteen could not be 

eliminated from being the Frattini subgroup by known results. We, in [5], 

eliminate thirteen of these. The other six can be Frattini subgroups and are for 

p = 3 (see [5]). Some of these results are generalized herein. It is shown that if T 

is any nonabelian two-generator group of order p" (n > 4) such that G '  _<- T _-< 
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For Case (3) I B : qb(G)l = 3. From [1], ~0 =< B. Hence, qbo =< qb(B) or qb(B) =< qb 0 

[4]. Consider @(B) < qb0. Since I(I)o I = 32 and I B : B'I = I B : qb(B)l = 3~, it follows 

that I BI<_- 34. I B : @(G)I= 3 implies 1 qb(G)l = < 33. Hence, cI)(G) must be abelian. 

A contradiction is obtained. Therefore, it is enough to consider CI)o-<OP(B). 

A /~o is elementary abelian and A/d& <_<_ Z (  G /@o). So G /d& = B /~,, • C/d& such 

that C<=A and C/~o is elementary abelian. Thus, ~ ( G / ~ o ) = ~ ( G ) / ~ o  = 

�9 (B)/~o. Therefore, qb(B)= ~ ( G ) .  This is a contradiction to the case under 

consideration. Hence, B cannot be of maximal class. 

If B is regular, then by the first part of this proof, T is qb(B) for a metacyclic 

subgroup B of G. 
A nonabelian metacyclic p-group T may be expressed as 

T =  (a ,b:  b ~ = bb"",b p"+k= 1, a p~ = bP~ 

All the possibilities for the relations among k, m, and n are now considered. 

COROLLAaV, Let T be a nonabelian metacyclic p-group. Then 

(1) I f  m ~ n, T <= @(G), and T ~ G for a p-group G, then k < m <-_ n. 

(2) I f  1 < n, k < m, and k < n, then T is the Frattini subgroup of a metacyclic 

p-group. 

(3) Write a p ' =  b ~lp ..... with (Al,p) = 1. I f  k => n then T = q b ( G )  for a 

metacyclic p-group G if and only if t => k - n, k < m and n > 1. 

THZOREM 2. A Redei nonmetacyclic p-group cannot be a normal subgroup of a 

p-group G and contained in its Frattini subgroup. 

PROOF. Let T be Redei metacyclic. Hence, T - - ( a , b , c : a  pm= b ~" = c" = 

1, (a, b) = c ). Assume T 6 qb(G) and T ~ G. Since U,(T) = (a", b" ) is charac- 

teristic in T, then UI(T) is normal in G. Let (~ = G/IJ , (T) .  Then T/U1(T) is a 

nonabelian group of order p3 contained in ~ ( G ) / U , ( T ) =  ~ ( G ) / U I ( T ) .  This 

contradicts (2). 

COROLLARY. Let T be a nonabelian Redei metacyclic p-group of order p" 

( n > 4 ) , i . e . , T = ( a , b : a  p~ ~ = b  p ~ - ~ = l , a  b = a p ~ - ~ a , a - l = > 2 , / 3 - 1 = l ) . T h e n  

T can be a Frattini subgroup of a metacyclic group if and only if a - 1 >= 3 and 

/ 3 -1=>2 .  

This~concludes the classification of the nonabelian metacyclic and Redei 

groups which are the Frattini subgroup of a finite p-group. Next, we generalize 

the results on groups of order pS in [5] and Hobby 's  work in [3] where he dealt 

with T = (I)(G). 
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THEOREM 3. Let T be a two-generator group of order p" (n >-_- 5) such that 

G'<= T ~ ( G ) .  Then T is metacyclic. 

PROOF. For  pS, it is shown in [5] that T must be a metacyclic Redei  g roup  of 

class two. For  I T I > pS, we consider  two cases: class T = 2 and class T > 2. Let  

us consider  the first case. Let  T be a minimal coun te rexample  for which the 

t heo rem is false. Let  I T I = pS. F rom [5], s ~ 6. Let  M be a subgroup of o rder  p 

conta ined in Z ( G )  N G'. Then  G'/M <= T /M <= ~ ( G ) M  = ~(G/M) ,  I T/MI = 

pS-~, and T/M has two genera tors  for  otherwise T/M cyclic and M <= Z ( G )  

implies T abelian. The re  exists m in G so that M = ( m : m  p = I). 

First, assume T/M is nonabel ian.  Since class T = 2, class T/M = 2. Because 

I T / M I < I T  I, T /M must be metacyclic.  Then  T / M = ( & 6 : S P ~ = I , b  p"= 

~P~, ~i b = tik ) with k p - 1 (modp~) ,  p "  (k - 1) - 0 (modp~) ,  and a +/3 = s - 1 

(4, Satz. 11.2]. Hence ,  T = ( a , b , m : m  p = 1, a p~ = m ' , b  po =aP'mJ, ab = a~m ~ 

for  integers i, ], and I. If m ~ UI(T) ,  then T/U~(T) is a nonabel ian group  of o rder  

p3 conta ined  in ep(G/UI(T)). This contradicts  (2). Hence ,  m ~ U~(T) and 

�9 (T) = U~(T) has index p2 in T. Thus, T is metacyclic.  

Secondly,  assume T/M is abelian. Since T has two generators ,  there  exist a 

and b in G so that T / M = ( ~ ) •  Hence ,  T = ( a , b , m : m P = l , a  p~= 

rn',b p~ = m',a b = am k) for  integers u, v, j, and k such that k # 0 ( m o d p )  and 

u + v = s - 1. If m f~ U~(T), then a contradict ion to (2) is again obtained.  Thus,  

�9 (T) = U~(T) and T is metacyclic.  

For  Case (2), see [5]. 
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